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The dynamic response of an interfacial crack between two dissimilar magnetoelectroelastic layers is
investigated under magnetic, electrical and mechanical impact loadings. Four kinds of ideal crack-face
assumptions, i.e., magnetoelectrically impermeable (Case 1), magnetically impermeable and electrically
permeable (Case 2), magnetically permeable and electrically impermeable (Case 3) and magnetoelectri-
cally permeable (Case 4), are adopted separately. The dynamic ﬁeld intensity factors and energy release
rates are derived. The effects of loading combinations and crack conﬁgurations especially for the former
on the dynamic response are examined according to energy release rate criterion. The numerical results
show that, among others, a negative magnetic (or electrical) loading is generally prone to inhibit the crack
extension rather than a positive one for a magnetically (or electrically) impermeable interfacial crack.
Results presented in this paper should have potential applications to the design of multilayered magneto-
electroelastic structures.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The newly emerging materials named magnetoelectroelasticity,
which exhibit piezoelectric, piezomagnetic, and electromagnetic
properties, have found increasing wide engineering applications,
particularly in the aerospace and automotive industries. Recently,
more andmore attention has been paid on the magnetoelectroelas-
tic mechanics. Micromechanics modeling to predict and estimate
the magnetoelectroelastic properties of piezoelectric–magnetic
composites were presented (Harshe et al., 1993; Huang and Kuo,
1997; Huang et al., 1998; Li and Dunn, 1998; Li, 2002; Chen
et al., 2002). The mechanical, electric, magnetic and their coupling
effects in magnetoelectroelastic solids were analyzed in the litera-
ture (Alshits et al., 1995; Chung and Ting, 1995; Wang and Shen,
1996, 2003; Pan, 2002).
In recent years, research on fracture mechanics of magnetoelec-
troelastic materials has also drawn increased interest. Most of the
achievements are made on static (Zhou et al., 2004; Gao et al.,
2004; Chue and Liu, 2005; Li and Kardomateas, 2006; Wang
et al., 2006) and dynamic (Hu and Li, 2005; Feng et al., 2005; Li,
2005; Yong and Zhou, 2007; Feng and Pan, 2008) anti-plane crack
problem. More recently, the reports on penny-shaped crack prob-
lems for the magnetoelectroelastic medium can be found in Zhao
et al. (2006), Feng et al. (2007) and Wang et al. (2008).ll rights reserved.
: +86311 87936466.
).For the two-dimension in-plane crack problem, Song and Sih
(2003) and Sih et al. (2003) investigated the inﬂuence of magnetic
ﬁeld and electric ﬁeld on crack growth in particular for crack initi-
ation angle under various boundary conditions for mode-I, mode-
II, and mixed mode cracks. Tian and Gabbert (2004) and Tian and
Rajapakse (2005) studied the interaction problem of multiple arbi-
trarily oriented and distributed cracks in magnetoelectroelastic
materials. Wang and Mai (2007) discussed four kinds of ideal elec-
tromagnetic crack-face conditions of magnetoelectroelastic mate-
rials, which possess coupled piezoelectric, piezomagnetic, and
magnetoelectric effects. Zhong and Li (2007) obtained the T-stress
for a Grifﬁth crack in an inﬁnite magnetoelectroelastic medium
based on magnetic and electric boundary conditions nonlinearly
dependent on the crack opening displacement. Zhou et al.
(2007a,b) investigated the static fracture behaviors of a single
crack or two cracks in piezoelectric/piezomagnetic materials by
Schmidt method. All the above-mentioned work is related to the
cracks in a homogenous mangetoelectroelastic medium. Due to
the oscillating singularity of crack tips, however, the study of inter-
facial cracks between dissimilar magnetoelectroelastic materials is
very limited. Gao et al. (2003) derived the exact solution for a per-
meable interfacial crack between two dissimilar magnetoelectro-
elastic solids under general applied loads. Li and Kardomateas
(2007) investigated the interfacial crack problem of dissimilar
piezoelectromagneto-elastic anisotropic bimaterials under in-
plane deformation taking the electromagnetic ﬁeld inside the
interfacial crack into account. However, all of these achievements
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body. To the best of our knowledge, the dynamic behaviors of
interfacial cracks between two dissimilar magnetoelectroelastic
materials have not been addressed yet, especially for an interfacial
crack between two ﬁnite magnetoelectroelastic layers.
In this paper, the transient response of an interfacial crack be-
tween two dissimilar magnetoelectroelastic layers is considered.
Four kinds of ideal magnetoelectric crack-face conditions are
adopted. The dynamic ﬁeld intensity factors (DFIFs) are derived
using the integral transform and Cauchy singular integral equation
methods. The dynamic energy release rates (DERRs) are further ob-
tained. The effects of magnetoelectromechanical loadings and
crack conﬁgurations on the DFIFs and DERRs are evaluated by
numerical examples, which could be of particular interest to the
analysis and design of smart sensors/actuators constructed from
magnetoelectroelastic composite laminates.
2. Statement of the problem
Consider an interfacial crack of length 2a located between two
dissimilar magnetoelectroelastic layers, as shown in Fig. 1. The
magnetoelectroelastic layers are assumed to be transversely iso-
tropic with both poling directions as the z-axis.
The constitutive equations within the framework of the theory
of linear magnetoelectroelastic medium take the form (Huang and
Kuo, 1997)
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where u and w are the displacement components; / and w are the
electric and magnetic potentials, respectively; rij, Di and Bi (i, j = x,z)
are the stresses, electric displacements and magnetic inductions,
respectively; cij, eij, fij and gij (i, j = x,z) are the elastic, piezoelectric,
piezomagnetic and magnetoelectric constants, respectively; eij and
lij (i, j = x,z) are the dielectric permitivities and magnetic permitiv-
ities, respectively.
In the absence of body forces, free charges and electric charge
density, the governing equations for the elastic displacements u
and w, electric potential /, and magnetic potential w can be writ-
ten as follows:h2
z
h1
x-a a o
Material 1 
Material 2 
Fig. 1. An interfacial crack between two dissimilar magnetoelectroelastic layers.c11u;xxþc44u;zzþðc13þc44Þw;xzþðe13þe15Þ/;xzþðf13þ f15Þw;xz¼qu;tt ;
ð2aÞ
ðc13þc44Þu;xzþc44w;xxþc33w;zzþe15/;xxþe33/;zzþ f15w;xxþ f33w;zz¼qw;tt ;
ð2bÞ
ðe13þe15Þu;xzþe15w;xxþe33w;zze11/;xxe33/;zzg11w;xxg33w;zz¼0;
ð2cÞ
ðf13þ f15Þu;xzþ f15w;xxþ f33w;zzg11/;xxg33/;zzl11w;xxl33w;zz¼0;
ð2dÞ
where q is the mass density.
For the present crack problem, four kinds of ideal magnetoelec-
tric boundary conditions (Wang and Mai, 2007) are assumed by
extending the conception of the electrically impermeable and per-
meable cracks embedded in a piezoelectric material (Zhang et al.,
2002). They are, respectively, magnetoelectrically impermeable
(Case 1), magnetically impermeable and electrically permeable
(Case 2), magnetically permeable and electrically impermeable
(Case 3), and magnetoelectrically permeable (Case 4). Thus, the
crack-face conditions can be described as
Case 1:
rð1Þxz ðx;0;tÞ¼rð2Þxz ðx;0;tÞ¼s0HðtÞ; jxj<a; ð3aÞ
rð1Þzz ðx;0; tÞ ¼ rð2Þzz ðx; 0; tÞ ¼ r0HðtÞ; jxj < a; ð3bÞ
Dð1Þz ðx;0; tÞ ¼ Dð2Þz ðx;0; tÞ ¼ D0HðtÞ; jxj < a; ð3cÞ
Bð1Þz ðx; 0; tÞ ¼ Bð2Þz ðx; 0; tÞ ¼ B0HðtÞ; jxj < a: ð3dÞ
Case 2:
rð1Þxz ðx;0; tÞ ¼ rð2Þxz ðx; 0; tÞ ¼ s0HðtÞ; jxj < a; ð4aÞ
rð1Þzz ðx;0; tÞ ¼ rð2Þzz ðx; 0; tÞ ¼ r0HðtÞ; jxj < a; ð4bÞ
Dð1Þz ðx;0;tÞ¼Dð2Þz ðx;0;tÞ; /ð1Þðx;0;tÞ¼/ð2Þðx;0;tÞ; jxj<a;
ð4cÞ
Bð1Þz ðx; 0; tÞ ¼ Bð2Þz ðx; 0; tÞ ¼ B0HðtÞ; jxj < a: ð4dÞ
Case 3:
rð1Þxz ðx;0; tÞ ¼ rð2Þxz ðx; 0; tÞ ¼ s0HðtÞ; jxj < a; ð5aÞ
rð1Þzz ðx;0; tÞ ¼ rð2Þzz ðx; 0; tÞ ¼ r0HðtÞ; jxj < a; ð5bÞ
Dð1Þz ðx;0; tÞ ¼ Dð2Þz ðx;0; tÞ ¼ D0HðtÞ; jxj < a; ð5cÞ
Bð1Þz ðx;0;tÞ¼Bð2Þz ðx;0;tÞ; wð1Þðx;0;tÞ¼wð2Þðx;0;tÞ; jxj<a:
ð5dÞ
Case 4:
rð1Þxz ðx;0; tÞ ¼ rð2Þxz ðx; 0; tÞ ¼ s0HðtÞ; jxj < a; ð6aÞ
rð1Þzz ðx;0; tÞ ¼ rð2Þzz ðx; 0; tÞ ¼ r0HðtÞ; jxj < a; ð6bÞ
Dð1Þz ðx;0;tÞ¼Dð2Þz ðx;0;tÞ; /ð1Þðx;0;tÞ¼/ð2Þðx;0;tÞ; jxj<a;
ð6cÞ
Bð1Þz ðx;0;tÞ¼Bð2Þz ðx;0;tÞ; wð1Þðx;0;tÞ¼wð2Þðx;0;tÞ; jxj<a;
ð6dÞ
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tively; s0, r0, D0 and B0 are the given amplitudes of the shear stress,
normal stress, electric displacement and magnetic induction ap-
plied on the crack-faces, and H(t) is the Heaviside unit step function.
The continuity conditions on the interface are
uð1Þðx;0; tÞ ¼ uð2Þðx;0; tÞ; wð1Þðx; 0; tÞ ¼ wð2Þðx; 0; tÞ; jxj > a;
ð7aÞ
/ð1Þðx;0; tÞ ¼ /ð2Þðx;0; tÞ; wð1Þðx;0; tÞ ¼ wð2Þðx;0; tÞ; jxj > a;
ð7bÞ
rð1Þxz ðx;0;tÞ¼rð2Þxz ðx;0;tÞ; rð1Þzz ðx;0;tÞ¼rð2Þzz ðx;0;tÞ; 1<x<þ1;
ð7cÞ
Dð1Þz ðx;0;tÞ¼Dð2Þz ðx;0;tÞ; Bð1Þz ðx;0;tÞ¼Bð2Þz ðx;0;tÞ; 1<x<þ1:
ð7dÞ
The free boundary conditions are
rð1Þxz ðx; h1; tÞ ¼ 0; rð1Þzz ðx;h1; tÞ ¼ 0; 1 < x < þ1; ð8aÞ
Dð1Þz ðx; h1; tÞ ¼ 0; Bð1Þz ðx; h1; tÞ ¼ 0; 1 < x < þ1; ð8bÞ
rð2Þxz ðx;h2; tÞ ¼ 0; rð2Þzz ðx;h2; tÞ ¼ 0; 1 < x < þ1; ð8cÞ
Dð2Þz ðx;h2; tÞ ¼ 0; Bð2Þz ðx;h2; tÞ ¼ 0; 1 < x < þ1; ð8dÞ
where h1 and h2 denote the heights of mediums 1 and 2,
respectively.
3. Solution and analysis of magnetoelectrically impermeable
interfacial crack (Case 1)
3.1. Derivation and solution of singular integral equation
Introducing the Laplace and Fourier transforms the solutions of
Eqs. (2) in the Laplace ﬁeld, denoted by the superscript asterisk,
can be expressed as
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where the superscript a (a = 1,2) stands for the corresponding med-
ium. aðaÞj ðs;pÞ; bðaÞj ðs; pÞ; cðaÞj ðs; pÞ and kðaÞj ðs;pÞ ðj ¼ 1;2; . . . ;8Þ are
known function of the Laplace variety p and the Fourier variety s
(see Appendix A), and the parameters AðaÞj ðs;pÞ ðj ¼ 1;2; . . . ;8Þ are
yet unknown.
In Laplace transform domain, deﬁne dislocation functions as
Duðx;pÞ ¼ u
ð1Þðx;0;pÞ  uð2Þðx;0;pÞ; jxj < a;
0; jxj > a;
(
ð10aÞ
Dwðx; pÞ ¼ w
ð1Þðx; 0;pÞ wð2Þðx;0;pÞ; jxj < a;
0; jxj > a;
(
ð10bÞD/ðx; pÞ ¼ /
ð1Þðx; 0;pÞ  /ð2Þðx;0;pÞ; jxj < a;
0; jxj > a;
(
ð10cÞ
Dwðx; pÞ ¼ w
ð1Þðx; 0;pÞ  wð2Þðx;0;pÞ; jxj < a;
0; jxj > a:
(
ð10dÞ
We can easily obtain from Eqs. (7a) and (7b)
uð1Þðx; 0;pÞ  uð2Þðx; 0;pÞ ¼ Duðx; pÞ; 1 < x < þ1; ð11aÞ
wð1Þðx;0;pÞ wð2Þðx;0; pÞ ¼ Dwðx; pÞ; 1 < x < þ1; ð11bÞ
/ð1Þðx;0;pÞ  /ð2Þðx;0; pÞ ¼ D/ðx;pÞ; 1 < x < þ1; ð11cÞ
wð1Þðx;0;pÞ  wð2Þðx;0; pÞ ¼ Dwðx;pÞ; 1 < x < þ1: ð11dÞ
Substituting Eqs. (9) into Eqs. (1) and using Eqs. (7) and (8), we have
H Að1Þ1 ; . . . ;A
ð1Þ
8 ;A
ð2Þ
1 ; . . . ;A
ð2Þ
8
n oT
¼ 0; . . . ;0;Duðs;pÞ;Dwðs;pÞ;D/ðs;pÞ;Dwðs;pÞ
n oT
; ð12Þ
where H is a 16  16 matrix, the elements of which are given in
Appendix B. Duðs;pÞ; Dwðs;pÞ; D/ðs;pÞ and Dwðs;pÞ are the Fou-
rier transforms of Du*(x,p), Dw*(x,p), D/*(x,p) and Dw*(x,p),
respectively.
According to the Cramer’s rule, we get
Að1Þi ¼
D13iðs;pÞDuðs;pÞþD14iðs;pÞDwðs;pÞþD15iðs;pÞD/ðs;pÞþD16iðs;pÞDwðs;pÞ
Dðs;pÞ ;
i¼ 1;2; . . . ;8; ð13Þ
whereD(s,p) is the determinant of the coefﬁcient matrix of Eq. (12),
and D13i(s,p), D14i(s,p), D15i(s,p) and D16i(s,p) are, respectively, the
corresponding algebra cofactors.
Substituting Eqs. (9) into Eqs. (1) in the Laplace domain and
using Eqs. (3a)–(3d) and (13), we have
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Cðx;pÞ ¼ s0ðxÞ=p r0ðxÞ=p D0ðxÞ=p B0ðxÞ=pf gT: ð15cÞ
Substituting Vðs;pÞ for V(v,p) and using Eqs. (10) yields from Eq.
(14)
1
2p
Z þ1
1
Z a
a
Pðs; pÞVðv; pÞeisðvxÞdv
 
ds ¼ Cðx; pÞ; jxj < a: ð16Þ
By partial integration and introducing dislocation density func-
tions of the crack as
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We can easily obtain
1
2p
Z þ1
1
Z a
a
Pðs; pÞ
ðisÞ Fðv; pÞe
isðvxÞdv
 
ds ¼ Cðx; pÞ; jxj < a: ð18Þ
By exchanging the integral order, Eq. (18) can be further trans-
formed into the following forms:
1
2p
Z a
a
Z þ1
1
Pðs; pÞ
ðisÞ Fðv; pÞe
isðvxÞ dsdv ¼ Cðx;pÞ; jxj < a: ð19Þ
It is clear that the singularities of the integral equations are attrib-
utable to the asymptotic value of matrix P as jsj?1. Upon separat-
ing the singular part, we get
AFðx; pÞ þ 1
p
Z a
a
B
Fðv ;pÞ
v  x dv þ
1
p
Z a
a
Q ðv ; x;pÞFðv ;pÞdv
¼ Cðx;pÞ; jxj < a; ð20Þ
where A = A1 and B = B1 are two known constant matrixes with re-
spect to the material constants in Eqs. (1) (Appendix B), and
Q(v,x,p) is a known function matrix (Appendix B).
Introducing two non-dimensional variables g and n
v ¼ ag; x ¼ an; jvj < a; jxj < a; ð21Þ
Eq. (20) becomes
AeFðn;pÞ þ 1
p
Z 1
1
B
eFðg; pÞ
g n dgþ
1
p
Z 1
1
eQ ðg; n;pÞeFðg;pÞdg ¼ eCðn;pÞ;
ð22Þ
whereeFðg;pÞ ¼ Fðag;pÞ; ð23aÞeQ ðg; n;pÞ ¼ aQ ðag; an; pÞ; ð23bÞeCðn;pÞ ¼ Cðan; pÞ: ð23cÞ
To solve the Cauchy singular integral equation (22) of the sec-
ond type, an approximate method described in Shen and Kuang
(1998) is employed. The regularization of Eq. (22) leads to
Kwðn;pÞ þ 1
p
Z 1
1
wðg;pÞ
g n dgþ
1
p
Z 1
1
Q ðg; n;pÞwðg;pÞdg ¼ Lðn;pÞ;
ð24Þ
where
wðg;pÞ ¼ R1eFðg;pÞ; Q ðg; n;pÞ
¼ R1B1 eQ ðg; n;pÞR; Lðn; pÞ ¼ R1B1eCðn; pÞ; ð25Þ
where K and R are the eigenvalue matrix and eigenvector matrix of
the determinant (B1A), repectively. They satisfy the following
equality:
B1A ¼ RKR1: ð26Þ
The solutions of Eq. (24) can be expressed in the form
wðn;pÞ ¼ diag W1ðnÞ W2ðnÞ W3ðnÞ W4ðnÞ½ 
P1
s¼0
AsðpÞPða1 ;b1Þs ðnÞP1
s¼0
BsðpÞP a2 ;b2ð Þs ðnÞP1
s¼0
CsðpÞP a3 ;b3ð Þs ðnÞP1
s¼0
DsðpÞP a4 ;b4ð Þs ðnÞ
8>>>>>>><>>>>>>:
9>>>>>>>=>>>>>>;
;
ð27Þwhere Pðaj ;bjÞs ðj ¼ 1;2; . . . ;4Þ are the Jacobi polynomials,
WjðnÞ ¼ ð1 nÞaj ð1þ nÞbj ðj ¼ 1;2;3;4Þ are the weight functions of
Jacobi polynomials, and
aj ¼ 12þ
i
2p
ln
1 icj
1þ icj
; bj ¼ 
1
2
 i
2p
ln
1 icj
1þ icj
; ð28Þ
with cj being the elements of the eigenvalue matrix K.
AsðpÞ; BsðpÞ; CsðpÞ and DsðpÞ are functions of variable p.
By considering the orthogonality relations of the Jacobi
polynomialsZ 1
1
WðxÞPða;bÞk ðxÞPða;bÞj ðxÞdx ¼
0; k–j;
hða;bÞk ¼ 2
ðaþbþ1ÞCðaþkþ1ÞCðbþkþ1Þ
k!ðaþbþ2kþ1ÞCðaþbþkþ1Þ ; k ¼ j;
(
ð29Þ
in conjunction with Pða;bÞ0 ðxÞ ¼ 1, it can be concluded that the single-
value condition of Eq. (24), which can be expressed asZ 1
1
wðg; pÞdg ¼ 0; ð30Þ
is identically satisﬁed provided that A0ðpÞ ¼ B0ðpÞ ¼ C0ðpÞ ¼
D0ðpÞ ¼ 0.
Substituting Eq. (27) into Eq. (24) and using the following
relations:
cWðrÞPða;bÞk ðrÞ þ
1
p
Z 1
1
WðuÞPða;bÞk ðuÞ
1
u r du
¼
1þc2ð Þ1=2
2 P
ða;bÞ
k1 ðrÞ; jrj < 1;
ð1þ c2Þ1=2 ðr  1Þaðr þ 1ÞbPða;bÞk ðrÞ þ G1k ðrÞ
h i
; jrj > 1;
8><>:
ð31Þ
where G1k ðrÞ is the principal part of WðrÞPða;bÞk ðrÞ at inﬁnity, we
obtain the following algebraic equations:XN
s¼1
T11jmsAs þ T12jmsBs þ T13jmsCs þ T14jmsDs
h i
¼ mLe1; ð32aÞ
XN
s¼1
T21jmsAs þ T22jmsBs þ T23jmsCs þ T24jmsDs
h i
¼ mLe2; ð32bÞ
XN
s¼1
T31jmsAs þ T32jmsBs þ T33jmsCs þ T34jmsDs
h i
¼ mLe3; ð32cÞ
XN
s¼1
T41jmsAs þ T42jmsBs þ T43jmsCs þ T44jmsDs
h i
¼ mLe4; ð32dÞ
where m = 0,1, . . .,N  1, and
Tijjms ¼ ð1þ c
2
i Þ1=2
2
hðai ;biÞs1 dmðs1Þdij þ
1
p
Z 1
1
Z 1
1
WiðnÞPðai ;biÞm ðnÞ
 Q ijðg; n;pÞWjðgÞPðaj ;bjÞs ðgÞdgdn; i; j ¼ 1;2;3;4; ð33aÞ
mL
ei ¼
Z 1
1
WiðnÞPðai ;biÞm ðnÞLiðnÞdn; i; j ¼ 1;2; . . . ;4; ð33bÞ
with WjðnÞ ¼ ð1 nÞaj ð1þ nÞbj and dij being the Kronecker Delta
function.
3.2. Field intensity factors and energy release rate
After the constants As; Bs; Cs and Ds ðs ¼ 1;2; . . . ;NÞ have been
determined from Eqs. (32), deﬁne the equivalent dynamic stress
intensity factors (DSIFs) including mode-I and mode-II, electric dis-
placement intensity factor (DEDIF) and magnetic induction inten-
sity factor (DMIIF) of the right crack tip as
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KeII ðpÞ
KeI ðpÞ
KeD ðpÞ
KeB ðpÞ
8>><>>:
9>>=>>;
¼
ﬃﬃﬃﬃﬃﬃ
2a
p
lim
n!1þ
ðn1Þa1 0 0 0
0 ðn1Þa2 0 0
0 0 ðn1Þa3 0
0 0 0 ðn1Þa4
26664
37775
 Kwðn;pÞþ1
p
Z 1
1
wðg;pÞ
gn dgþ
1
p
Z 1
1
Q ðg;n;pÞwðg;pÞdg
 
:
ð34Þ
Then comparing the right-hand sides of Eqs. (22) and (24), one can
obtain the relation between the actual dynamic ﬁeld intensity fac-
tors (DFIFs) and the equivalent DFIFs as
K ¼ BRKe: ð35Þ
Finally, the DFIFs of the right crack tip in the Laplace domain can be
deduced as
K ¼
KII
KI
KD
KB
8>><>>:
9>>=>>; ¼ 
ﬃﬃﬃﬃﬃﬃ
2a
p
BR
XN
s¼1
ð1þ c21Þ1=22b1Pða1 ;b1Þs ð1ÞAsðpÞ
ð1þ c22Þ1=22b2Pða2 ;b2Þs ð1ÞBsðpÞ
ð1þ c23Þ1=22b3Pða3 ;b3Þs ð1ÞCsðpÞ
ð1þ c24Þ1=22b4Pða4 ;b4Þs ð1ÞDsðpÞ
8>>><>>>:
9>>>=>>>;:
ð36Þ
Applying the inverse Laplace transforms by the method in Mill-
er and Guy (1966), the dynamic ﬁeld intensity factors in the time
domain can be obtained.
The extended displacement dislocations of the crack in the La-
place domain are
Vðan;pÞ ¼
Duðan;pÞ
Dwðan;pÞ
D/ðan;pÞ
Dwðan;pÞ
8>><>>:
9>>=>>; ¼ a
PN
s¼1
As
R 1
n W1ð1ÞPða1 ;b1Þs ð1Þd1PN
s¼1
Bs
R 1
n W2ð1ÞPða2 ;b2Þs ð1Þd1PN
s¼1
Cs
R 1
n W3ð1ÞPða3 ;b3Þs ð1Þd1PN
s¼1
Ds
R 1
n W4ð1ÞPða4 ;b4Þs ð1Þd1
8>>>>>>>><>>>>>>>:
9>>>>>>>>=>>>>>>>;
;
ð37Þ
and can be expressed as
Vðan;pÞ¼
ﬃﬃﬃ
a
2
r
Rdiag
ð1nÞð1þa1Þ
1þa1
ð1nÞð1þa2Þ
1þa2
ð1nÞð1þa3Þ
1þa3
ð1nÞð1þa4Þ
1þa4
" #
diag 1
ð1þc21Þ1=2
1
ð1þc22Þ1=2
1
ð1þc23Þ1=2
1
ð1þc24Þ1=2
" #
Ke;
ð38Þ
For magnetoelectrically impermeable cracks, the energy release
rates (DERRs) are very important to evaluate the behaviors of crack
tips. In accordance with the deﬁnition of the energy release rates
proposed by Pak (1990), the DERRs can ﬁnally be derived as
G ¼ 1
4
KeTUNKe; ð39Þ
where
Uij ¼ 11þ aj Xij
Cð1þ aiÞCð2þ ajÞ
Cð3þ ai þ ajÞ ; i; j ¼ 1;2;3;4; ð40aÞ
Nij ¼ 1þ c2i
	 
1=2
dij; i; j ¼ 1;2;3;4; ð40bÞ
X ¼ RTBTR: ð40cÞIt should be noted that Eq. (39) has the same form as the DERR
given by Gu et al. (2002) for the interfacial crack problems of piezo-
electric bimaterials. Moreover, as medium 1 and medium 2 are the
same materials, ai   12 ði ¼ 1;2;3;4Þ,
Cð1þaiÞCð2þajÞ
Cð3þaiþajÞ  p2, and N  I
(the 4  4 identity matrix), thus, the DERR can be expressed as
G ¼ p
4
KTB1K; ð41Þ
which is, in fact, the same as those given before (Zhou et al., 2007a;
Li and Kardomateas, 2007).
4. Effects of magnetoelectric boundary conditions on the DFIFs
and DERRs
The magnetoelectrically impermeable interfacial crack (Case 1)
has been considered in Section 3. Similarly, the singular integral
equations and corresponding single-valued conditions for the
other cases of interfacial cracks can be derived as
Case 2:
A2
eF1ðn;pÞeF2ðn;pÞeF4ðn;pÞ
8><>:
9>=>;þ
1
p
Z 1
1
1
g nB2
eF1ðg;pÞeF2ðg;pÞeF4ðg;pÞ
8><>:
9>=>;dg
þ 1
p
Z 1
1
eQ ð1;1Þðg; n;pÞ eQ ð1;2Þðg; n; pÞ eQ ð1;4Þðg; n;pÞeQ ð2;1Þðg; n;pÞ eQ 2;2ð Þðg; n; pÞ eQ ð2;4Þðg; n;pÞeQ ð4;1Þðg; n;pÞ eQ ð4;2Þðg; n; pÞ eQ 4;4ð Þðg; n;pÞ
2664
3775

eF1ðg; pÞeF2ðg; pÞeF4ðg; pÞ
8><>>:
9>=>>;dg ¼
eC1ðn; pÞeC2ðn; pÞeC4ðn; pÞ
8><>:
9>=>;; ð42Þ
Z a
a
eF1ðg;pÞeF2ðg;pÞeF4ðg;pÞ
8>><>:
9>>=>;dg ¼ 0; ð43Þ
with
A2 ¼
0 M12 M14
M21 0 0
M41 0 0
264
375; B2 ¼ M11 0 00 M22 M24
0 M42 M44
264
375: ð44Þ
Case 3:
A3
eF1ðn;pÞeF2ðn;pÞeF3ðn;pÞ
8><>:
9>=>;þ
1
p
Z 1
1
1
gnB3
eF1ðg;pÞeF2ðg;pÞeF3ðg;pÞ
8><>:
9>=>;dg
þ1
p
Z 1
1
eQ ð1;1Þðg;n;pÞ eQ ð1;2Þðg;n;pÞ eQ 1;3ð Þðg;n;pÞeQ 2;1ð Þðg;n;pÞ eQ 2;2ð Þðg;n;pÞ eQ 2;3ð Þðg;n;pÞeQ 3;1ð Þðg;n;pÞ eQ 3;2ð Þðg;n;pÞ eQ 3;3ð Þðg;n;pÞ
2664
3775
eF1ðg;pÞeF2ðg;pÞeF3ðg;pÞ
8><>:
9>=>;dg
¼
eC1ðn;pÞeC2ðn;pÞeC3ðn;pÞ
8><>:
9>=>;; ð45Þ
Z 1
1
eF1ðg;pÞeF2ðg;pÞeF3ðg;pÞ
8>><>:
9>>=>;dg ¼ 0; ð46Þ
with
A3 ¼
0 M12 M13
M21 0 0
M31 0 0
264
375; B3 ¼ M11 0 00 M22 M23
0 M32 M33
264
375: ð47Þ
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A4
eF1ðn;pÞeF2ðn;pÞ
( )
þ 1
p
Z 1
1
1
g nB4
eF1ðg; pÞeF2ðg; pÞ
( )
dg
þ 1
p
Z 1
1
eQ ð1;1Þðg; n;pÞ eQ ð1;2Þðg; n;pÞeQ 2;1ð Þðg; n;pÞ eQ 2;2ð Þðg; n;pÞ
" # eF1ðg; pÞeF2ðg; pÞ
( )
dg
¼
eC1ðg;pÞeC2ðg;pÞ
( )
; ð48Þ
Z 1
1
eF1ðg;pÞeF2ðg;pÞ
( )
dg ¼ 0; ð49Þ
with
A4 ¼
0 M12
M21 0
 
; B4 ¼
M11 0
0 M22
 
: ð50Þ
The quantities eQ ði;jÞðg; n;pÞ with superscript (i, j) (i, j = 1,2, . . .,4) in
Eqs. (42), (45) and (48) represent the elements of the i th row and
j th column in the corresponding matrix (23b).
By using the method discussed in Section 3, these equations
corresponding to different crack-face conditions can further be
solved by transforming them into corresponding algebraic equa-
tions. And these algebraic equations (omitted here for simplicity)
are related to the Jacobi polynomials as well. Thus, the DERRs
and DFIFs can ﬁnally be derived as
KðtÞ ¼ BRKeðtÞ; ð51Þ
G ¼ 1
4
KeTUNKe; ð52Þ
where U* and N* have the same expressions as Eqs. (40a) and (40b)
except for the different ranges of both i and j. Moreover,
Case 2:
K ¼
K II
K I
KB
8><>:
9>=>;; Ke ¼
KeII
KeI
KeB
8><>:
9>=>;
¼ 
ﬃﬃﬃﬃﬃﬃ
2a
p
PN
s¼1
1þ c^21
	 
1=22b^1P a^1 ;b^1ð Þs ð1ÞAsðtÞ
PN
s¼1
1þ c^22
	 
1=22b^2P a^2 ;b^2ð Þs ð1ÞBsðtÞ
PN
s¼1
1þ c^23
	 
1=22b^3P a^3 ;b^3ð Þs ð1ÞDsðtÞ
8>>>>><>>>>:
9>>>>>=>>>>;
; B ¼ B2;
ð53Þ
where R* and diag c^1 c^2 c^3½  are eigenvector matrix and eigenvalue
matrix of the determinant ðB12 A2Þ. Similar to Eq. (28), a^i and b^i
ði ¼ 1;2;3Þ are known material properties related to c^i.
Case 3:
K ¼
K II
K I
KD
8><>:
9>=>;; Ke ¼
KeII
KeI
KeD
8><>:
9>=>;
¼ 
ﬃﬃﬃﬃﬃﬃ
2a
p
PN
s¼1
1þ c^21
	 
1=22b^1P a^1 ;b^1ð Þs ð1ÞAsðtÞ
PN
s¼1
1þ c^22
	 
1=22b^2P a^2 ;b^2ð Þs ð1ÞBsðtÞ
PN
s¼1
1þ c^23
	 
1=22b^3P a^3 ;b^3ð Þs ð1ÞCsðtÞ
8>>>><>>>>>:
9>>>>=>>>>>;
; B ¼ B3:
ð54Þ
where R* and diag c^1 c^2 c^3½  are eigenvector matrix and eigenvalue
matrix of the determinant ðB13 A3Þ. Also, a^i and b^i ði ¼ 1;2;3Þ are
known material property constants related to c^i of this case.Case 4:
K ¼
K II
K I
KD
8><>:
9>=>;; Ke ¼ K
e
II
KeI
( )
¼ 
ﬃﬃﬃﬃﬃﬃ
2a
p
PN
s¼1
1þ c^21
	 
1=22b^1P a^1 ;b^1ð Þs ð1ÞAsðtÞ
PN
s¼1
1þ c^22
	 
1=22b^2P a^2 ;b^2ð Þs ð1ÞBsðtÞ
8>><>>:
9>>=>>;; B
 ¼ B4:
ð55Þ
where R* and diag c^1 c^2½  are eigenvector matrix and eigenvalue ma-
trix of the determinant ðB14 A4Þ. a^i and b^iði ¼ 1;2Þ are the corre-
sponding material constants in Case 4.
The analysis above implies that for the magnetically (or electri-
cally) permeable interfacial cracks, the applied magnetic (or elec-
trical) loadings have no inﬂuence on the fracture behaviors of the
crack tips.
5. Numerical examples and discussions
In this section, some typical numerical calculations are carried
out. In all our numerical procedure, for simplicity, s0 is always
set to be zero, which implies that only the mode-I interfacial crack
problems are investigated in present work. In addition, in our
numerical examples, without loss of generality, r0 is always taken
as 4.2  106 N/m2.
For comparison with the known results, as a special example,
the dynamic central crack problem of piezoelectric materials has
ﬁrstly been considered. Numerical results are plotted in Fig. 2,
where both material 1 and material 2 are taken as PZT-5H with
the material properties given in Wang and Yu (2001) and/or Gu
et al. (2002). We also set h1/a = h2/a and assume that the crack is
electrically impermeable and that crack surfaces are subjected to
only mechanical impact loading r0H(t). Comparing the normalized
DERRs (Fig. 2(a)) and DSIFs (Fig. 2(b)) with those given by Wang
and Yu (2001), it is easily seen that the present results are almost
the same as the corresponding ones (Wang and Yu, 2001). It should
be pointed out that G0 in Fig. 2 has the same meaning as the one
presented in Wang and Yu (2001), i.e., G0 represents the static en-
ergy release rate for an inﬁnite piezoelectric plane containing a
electrically impermeable crack of length 2a under purely mechan-
ical loading. cT ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44 þ e215=e11
	 

=q
q
in Fig. 2 is the shear wave
speed of the piezoelectric ceramics. It should also be pointed out
that this is just one of the numerical examples for the reduced sim-
ple case of the present study that we used to verify our
formulations.
As an application, the effects of magnetic and/or electrical im-
pact loadings on the fracture behaviors of an interfacial crack with
magnetically and/or electrically impermeable and/or permeable
crack-face conditions for the CoFe2O4–BaTiO3 composites are then
examined in this section. Material properties of the magnetoelec-
troelastic materials as volume percentage (or volume fraction vf)
of BaTiO3–CoFe2O4 are listed in Table 1 (Annigeri et al., 2007). In
what follows, material 1 and material 2 correspond to CoFe2O4–Ba-
TiO3 composites as vf = 0.2 and vf = 0.4, respectively. For concise-
ness, only some typical results of the dynamic responses are
shown in Figs. 3–10 in this sequel, where G0i ¼ p4 B1i 2;2ð Þr20a. As
material 1 and material 2 is the same medium, G01, G02, G03 and
G04 are the static energy release rates of a crack of length 2a in
an inﬁnite magnetoelectroelastic plane with only mechanical load-
ing applied on the crack surfaces for Case 1, Case 2, Case 3 and Case
4, respectively. The normalized time is taken as cTt/a where
cT ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lð1Þ=qð1Þ
p
with lð1Þ ¼ cð1Þ44 þ
eð1Þ11 f
ð1Þ2
15 2e
ð1Þ
15 f
ð1Þ
15 g
ð1Þ
11 þl
ð1Þ
11 e
ð1Þ2
15
lð1Þ11 e
ð1Þ
11 g
ð1Þ2
11
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Fig. 3. Normalized DERRs versus normalized time for magnetoelectrically imper-
meable interfacial crack under different magnetoelectrical impact loadings as h1/
a = h2/a = 2.0.
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Fig. 4. Normalized DSIFs of mode-I versus normalized time for magnetoelectrically
impermeable interfacial crack under different magnetoelectrical impact loadings as
h1/a = h2/a = 2.0.
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Fig. 2. Normalized (a) DERRs and (b) DSIFs versus normalized time for electrically
impermeable central crack situated in a homogeneous piezoelectric ceramics under
purely mechanical loadings as h1/a = h2/a = 2.0 and as h1/a = h2/a approaching to
inﬁnity.
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r0lð1Þ11
 
and kD ¼ D0eð1Þ15 = r0eð1Þ11
 
are the introduced loading com-
bination parameters, which are used to reﬂect the corresponding
loading combinations between magnetic and mechanical loadings,
and between electrical and mechanical loadings, respectively.
Above all, it is worth remarking that the DERRs obtained from
the numerical procedures are all real. This phenomenon has also
been veriﬁed for interfacial cracks between two dissimilar mag-
netoelectroelastic half-planes by Li and Kardomateas (2007),
where the extended Stroh’s theory and analytic continuition prin-
ciple of complex analysis have been used.Table 1
Material properties of BaTiO3–CoFe2O4 composites as a percentage (volume fraction
vf) (cij in 109 N/m2, eij in C/m2, eij in 109 C/V m, fij in N/A m, lij in 104 N s2/C2, gij in
1012 N s/V C, q in kg/m3) vf = 0.0 corresponding to CoFe2O4 and vf = 1.0 to BaTiO3.
c11 c12 c13 c33 c44 e15 e31 e33 e11
vf = 0.2 250 146 145 240 45 0 2 4 0.33
vf = 0.4 225 125 125 220 45 0 3 7 0.8
e33 l11 l33 f15 f31 f33 g11 g33 q
vf = 0.2 2.5 3.9 1.33 340 410 550 2.8 2000 5400
vf = 0.4 5.0 2.5 1.0 220 300 380 4.8 2750 5500
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Fig. 5. Normalized DMIIFs versus normalized time for magnetoelectrically imper-
meable interfacial crack under different magnetoelectrical impact loadings as h1/
a = h2/a = 2.0.
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Fig. 6. Normalized DEDIFs versus normalized time for magnetoelectrically imper-
meable interfacial crack under different magnetoelectrical impact loadings as h1/
a = h2/a = 2.0.
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Fig. 7. Variation of normalized DERRs with normalized time under different
magnetic loadings for (a) magnetoelectrically impermeable, and (b) magnetically
impermeable and electrically permeable interfacial cracks as h1/a = h2/a = 2.0.
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Fig. 8. Variation of normalized DERRs with normalized time under different
electrical loadings for (a) magnetoelectrically impermeable, and (b) electrically
impermeable and magnetically permeable interfacial cracks as h1/a = h2/a = 2.0.
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Fig. 9. Normalized DERRs versus normalized time for different electromagnetic
crack-face conditions under purely normal impact loading as h1/a = h2/a = 2.0.
W.J. Feng et al. / International Journal of Solids and Structures 46 (2009) 3346–3356 3353Figs. 3–6, where KI0 ¼ r0
ﬃﬃﬃ
a
p
; KB0 ¼ r0
ﬃﬃﬃ
a
p
f ð1Þ33 =c
ð1Þ
33 and KD0 ¼
r0
ﬃﬃﬃ
a
p
eð1Þ33 =c
ð1Þ
33 , are, respectively, the curves of normalized DERRs,
DSIFs, DMIIFs and DEDIFs versus normalized time for magnetoelec-
trically impermeable interfacial crack (Case 1) under combinedmagnetoelectromechanical impact loadings. It is easily seen from
Figs. 3 and 4 that both magnetic and electrical loadings have great
effects on the DERRS and DSIF of mode-I. From Figs. 5 and 6, it is
known that both the DMIIFs and DEDIFs are nearly independent
of the normalized time, and that electrical loadings have insigniﬁ-
cant inﬂuences on the DMIIFs, and that magnetic loadings have
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Fig. 10. Variation of normalized DERRs with normalized time for different layer
heights under purely mechanical loadings for magnetoelectrically impermeable
interfacial crack as h1/a = h2/a.
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out that the calculated stress intensity factors of mode-II (omitted
here), as expected, are negligible in this case.
As pointed out before, for crack problems of magnetoelectro-
elastic materials, energy release rate is very important to predict
the fracture behaviors of the materials and/or structures with
cracks. Thus, only the DERRs are graphed later (Figs. 7–10). As
shown in Fig. 7, according to maximum energy release rate crite-
rion, for magnetically impermeable interfacial cracks of the present
material combination, whether the cracks are electrically imper-
meable (Case 1, Fig. 7(a)) or electrically permeable (Case 2,
Fig. 7(b)), magnetic loadings always impede the crack propagation
and/or growth, and negative magnetic loadings effectively inhibit
crack propagation compared with positive magnetic loadings.
And the similar phenomenon has also been found for applied elec-
trical loadings (Fig. 8), i.e., for electrically impermeable interfacial
cracks, whether the cracks are magnetically impermeable (Case
1, Fig. 8(a)) or magnetically permeable (Case 3, Fig. 8(b)), electrical
loadings also impede the crack initiation and/or propagation, and
negative electrical loadings effectively inhibit crack propagation
compared with positive electrical loadings as well. In addition,
Fig. 9 indicates that as purely mechanical loadings are applied on
the surfaces of the interfacial cracks, electromagnetic boundary
conditions of the crack-faces have no distinct effects on the frac-
ture behaviors of the crack tips.Dðs; p; kÞ ¼
c44k
2  c11s2  qp2 ðc13 þ c44ÞkðisÞ ðe13 þ e15ÞkðisÞ ðf13 þ f15ÞkðisÞ
ðc13 þ c44ÞkðisÞ c33k2  c44s2  qp2 e33k2  e15s2 f33k2  f15s2
ðe13 þ e15ÞkðisÞ e33k2  e15s2 e33k2 þ e11s2 g33k2 þ g11s2
ðf13 þ f15ÞkðisÞ f33k2  f15s2 g33k2 þ g11s2 l33k2 þ l11s2
2664
3775: ðA:2ÞFinally, the effects of crack conﬁgurations on the DERRs of an
interfacial crack are brieﬂy evaluated. Fig. 10 shows that for a ﬁxed
crack length, as expected, the smaller the layer height is, the larger
is the peak value of the DERRs. This implies for a central interfacial
crack, increasing the heights of the layers can also impede the
crack propagation and growth.
6. Conclusions
In this paper, the dynamic fracture behaviors of an interfacial
crack between two bonded magnetoelectroelastic layers under
magnetoelectromechanical impact loadings are investigated.Four kinds of electromagnetic crack-face conditions are adopted.
Laplace transform and Fourier transform method and dislocation
density functions are used to reduce the mixed boundary value
problem to a standard singular Cauchy integral equation of the
second type, which is further solved numerically. The FIFs and
DERRs are obtained. The effects of both the applied impact load-
ings and crack conﬁgurations on the DERRs are shown graphi-
cally. The main results are as follows:
 Although the FIFs exhibit oscillation singularity for mode-I
interfacial crack problem considered here, the ERR at least
for the present material combination is a real, i.e., this kind
of oscillation singularity does not appear in the DERRs.
 The magnetic (or electrical) impact loadings have no inﬂuence
on the fracture behaviors for magnetically (or electrically) per-
meable interfacial cracks according to maximum energy release
rate criterion.
 The magnetic (or electrical) impact loadings always impede the
crack propagation and growth for magnetically (or electrically)
impermeable interfacial cracks, and a negative magnetic (or
electrical) impact loading will inhibit the crack growth readily
than a positive one.
 For a given crack conﬁguration, electromagnetic crack-face
conditions have no distinct effects on the DERRs while only
the mechanical impact loadings are applied on the crack
surfaces.
 For a ﬁxed length of the crack, increasing the heights of mag-
netoelectroelastic layers can also impede the crack propagation
and growth.
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kj(j = 1,2, . . .,8) in Eqs. (9) are the roots of the following
equation:
Det½Dðs; p; kÞ ¼ 0; ðA:1Þ
where the matrix D(s,p,k) is given byThe functions aðaÞj ðs;pÞ; bðaÞj ðs;pÞ; and cðaÞj ðs; pÞ j ¼ 1; . . . ;8ð Þ in Eqs.
(9) can be obtained byajðs; pÞ ¼
d11ðs; p; kjÞ d13ðs;p; kjÞ d14ðs; p; kjÞ
d21ðs; p; kjÞ d23ðs;p; kjÞ d24ðs; p; kjÞ
d31ðs; p; kjÞ d33ðs;p; kjÞ d34ðs; p; kjÞ


d12ðs;p; kjÞ d13ðs; p; kjÞ d14ðs;p; kjÞ
d22ðs;p; kjÞ d23ðs; p; kjÞ d24ðs;p; kjÞ
d32ðs;p; kjÞ d33ðs; p; kjÞ d34ðs;p; kjÞ


; ðA:3aÞ
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d12ðs;p; kjÞ d11ðs;p; kjÞ d14ðs; p; kjÞ
d22ðs;p; kjÞ d21ðs;p; kjÞ d24ðs; p; kjÞ
d32ðs;p; kjÞ d31ðs;p; kjÞ d34ðs; p; kjÞ


d12ðs;p; kjÞ d13ðs; p; kjÞ d14ðs;p; kjÞ
d22ðs;p; kjÞ d23ðs; p; kjÞ d24ðs;p; kjÞ
d32ðs;p; kjÞ d33ðs; p; kjÞ d34ðs;p; kjÞ


; ðA:3bÞ
cjðs; pÞ ¼
d12ðs; p; kjÞ d13ðs;p; kjÞ d11ðs;p; kjÞ
d22ðs; p; kjÞ d23ðs;p; kjÞ d21ðs;p; kjÞ
d32ðs; p; kjÞ d33ðs;p; kjÞ d31ðs;p; kjÞ


d12ðs;p; kjÞ d13ðs; p; kjÞ d14ðs;p; kjÞ
d22ðs;p; kjÞ d23ðs; p; kjÞ d24ðs;p; kjÞ
d32ðs;p; kjÞ d33ðs; p; kjÞ d34ðs;p; kjÞ


; ðA:3cÞ
where dmn(s,p,k) (m = 1,2,3, n = 1,2,3,4) are the elements of matrix
D(s,p,k).
Appendix B
The elements of H in Eq. (12) are, respectively
h1j¼ cð1Þ13 ðisÞþcð1Þ33 að1Þj kð1Þj þeð1Þ33 bð1Þj kð1Þj þ f ð1Þ33 cð1Þj kð1Þj
h i
ek
ð1Þ
j
h1 ; h1ðjþ8Þ ¼0;
h2j¼ cð1Þ44 kð1Þj þcð1Þ44 að1Þj ðisÞþeð1Þ15 bð1Þj ðisÞþ f ð1Þ15 cð1Þj ðisÞ
h i
ek
ð1Þ
j
h1 ;h2ðjþ8Þ ¼0;
h3j¼ eð1Þ13 ðisÞþeð1Þ33 að1Þj kð1Þj eð1Þ33 bð1Þj kð1Þj gð1Þ33 cð1Þj kð1Þj
h i
ek
ð1Þ
j
h1 ;h3ðjþ8Þ ¼0;
h4j¼ f ð1Þ13 ðisÞþ f ð1Þ33 að1Þj kð1Þj gð1Þ33 bð1Þj kð1Þj lð1Þ33 cð1Þj kð1Þj
h i
ek
ð1Þ
j
h1 ;h4ðjþ8Þ ¼0;
h5j¼0; h5ðjþ8Þ ¼ cð2Þ13 ðisÞþcð2Þ33 að2Þj kð2Þj þeð2Þ33 bð2Þj kð2Þj þ f ð2Þ33 cð2Þj kð2Þj
h i
ek
ð2Þ
j
h2 ;
h6j¼0; h6ðjþ8Þ ¼ cð2Þ44 kð2Þj þcð2Þ44 að2Þj ðisÞ
h
þeð2Þ15 bð2Þj ðisÞþ f ð2Þ15 cð2Þj ðisÞ
i
ek
ð2Þ
j
h2 ;
h7j¼0; h7ðjþ8Þ ¼ eð2Þ13 ðisÞþeð2Þ33 að2Þj kð2Þj eð2Þ33 bð2Þj kð2Þj gð2Þ33 cð2Þj kð2Þj
h i
ek
ð2Þ
j
h2 ;
h8j¼0; h8ðjþ8Þ ¼ f ð2Þ13 ðisÞþ f ð2Þ33 að2Þj kð2Þj
h
gð2Þ33 bð2Þj kð2Þj lð2Þ33 cð2Þj kð2Þj
i
ek
ð2Þ
j
h2 ;
h9j¼ cð1Þ13 ðisÞþcð1Þ33 að1Þj kð1Þj þeð1Þ33 bð1Þj kð1Þj þ f ð1Þ33 cð1Þj kð1Þj
h i
;
h9ðjþ8Þ ¼ cð2Þ13 ðisÞþcð2Þ33 að2Þj kð2Þj þeð2Þ33 bð2Þj kð2Þj þ f ð2Þ33 cð2Þj kð2Þj
h i
;
h10j¼ cð1Þ44 kð1Þj þcð1Þ44 að1Þj ðisÞþeð1Þ15 bð1Þj ðisÞþ f ð1Þ15 cð1Þj ðisÞ
h i
;
h10ðjþ8Þ ¼ cð2Þ44 kð2Þj þcð2Þ44 að2Þj ðisÞþeð2Þ15 bð2Þj ðisÞþ f ð2Þ15 cð2Þj ðisÞ
h i
;
h11j¼ eð1Þ13 ðisÞþeð1Þ33 að1Þj kð1Þj eð1Þ33 bð1Þj kð1Þj gð1Þ33 cð1Þj kð1Þj
h i
;
h11ðjþ8Þ ¼ eð2Þ13 ðisÞþeð2Þ33 að2Þj kð2Þj eð2Þ33 bð2Þj kð2Þj gð2Þ33 cð2Þj kð2Þj
h i
;
h12j¼ f ð1Þ13 ðisÞþ f ð1Þ33 að1Þj kð1Þj gð1Þ33 bð1Þj kð1Þj lð1Þ33 cð1Þj kð1Þj
h i
;
h12ðjþ8Þ ¼ f ð2Þ13 ðisÞþ f ð2Þ33 að2Þj kð2Þj gð2Þ33 bð2Þj kð2Þj lð2Þ33 cð2Þj kð2Þj
h i
;
h13j¼1; h13ðjþ8Þ ¼1;
h14j¼að1Þj ; h14ðjþ8Þ ¼að2Þj ;
h15j¼bð1Þj ; h15ðjþ8Þ ¼bð2Þj ;
h16j¼ cð1Þj ; h16ðjþ8Þ ¼cð2Þj ; ðj¼1;2; . . . ;8Þ:
ðB:1Þ
The constant matrixes A and B in Eq. (20) can be expressed as
A,A1¼
0 M12 M13 M14
M21 0 0 0
M31 0 0 0
M41 0 0 0
26664
37775; B,B1¼
M11 0 0 0
0 M22 M23 M24
0 M32 M33 M34
0 M42 M43 M44
26664
37775;
ðB:2Þwhere
Mij ¼ lim
s!1
½Kijðs; pÞ; i; j ¼ 1;2; . . . ;4; ðB:3Þ
K11 ¼ i
X8
j¼1
h10jD13j
ðisÞD ; K12 ¼
X8
j¼1
h10jD14j
ðisÞD ; K13 ¼
X8
j¼1
h10jD15j
ðisÞD ;
K14 ¼
X8
j¼1
h10jD16j
ðisÞD ; K21 ¼
X8
j¼1
h9jD13j
ðisÞD ; K22 ¼ i
X8
j¼1
h9jD14j
ðisÞD ;
K23 ¼ i
X8
j¼1
h9jD15j
ðisÞD ; K24 ¼ i
X8
j¼1
h9jD16j
ðisÞD ; K31 ¼
X8
j¼1
h11jD13j
ðisÞD ;
K32 ¼ i
X8
j¼1
h11jD14j
ðisÞD ; K33 ¼ i
X8
j¼1
h11jD15j
ðisÞD K34 ¼ i
X8
j¼1
h11jD16j
ðisÞD
K41 ¼
X8
j¼1
h12jD13j
ðisÞD ; K42 ¼ i
X8
j¼1
h12jD14j
ðisÞD ; K43 ¼ i
X8
j¼1
h12jD15j
ðisÞD
K44 ¼ i
X8
j¼1
h12jD16j
ðisÞD :
ðB:4Þ
The function matrix Q(v,x,p) in Eq. (20) can be written as
Q ðv ;x;pÞ¼
Q11ðv ;x;pÞ Q12ðv ;x;pÞ Q13ðv ;x;pÞ Q14ðv ;x;pÞ
Q21ðv ;x;pÞ Q22ðv ;x;pÞ Q23ðv ;x;pÞ Q24ðv ;x;pÞ
Q31ðv ;x;pÞ Q32ðv ;x;pÞ Q33ðv ;x;pÞ Q34ðv ;x;pÞ
Q41ðv ;x;pÞ Q42ðv ;x;pÞ Q43ðv ;x;pÞ Q44ðv ;x;pÞ
26664
37775;
ðB:5Þ
where
Q ijðv ; x; pÞ ¼
Z 1
0
Kijðs; pÞ Mij
 
sin sðv  xÞ½ ds;
i ¼ j ¼ 1; or i ¼ 2;3;4; j ¼ 2;3;4
Q ijðv ; x; pÞ ¼
Z 1
0
Kijðs; pÞ Mij
 
cos sðv  xÞ½ ds;
i ¼ 1; j ¼ 2;3;4; or i ¼ 2;3;4; j ¼ 1:
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